This paper deals with the number of eigenvalues which appear in the gaps of the spectrum of a Dirac system with real and periodic coefficients when the coefficients are perturbed. The main results provide an upper bound and a condition under which exactly one eigenvalue appears in a given gap.
Introduction
Let us consider the differential expression
= -y"(x) + q(x)y(x),
where y is a complex valued function denned on IR and q: U -> U is periodic with period a > 0 and locally absolutely integrable.
The maximal operator 5 generated by o on U [7] is self-adjoint and is called the Hill's operator. Its spectrum o(S) c U is purely continuous, bounded from below but unbounded from above, and it is a locally finite union of closed intervals of positive length. In the following, we shall suppose that o(S) has an infinity of gaps; this is so, for example, if q e Lf oc (IR) and is not analytic [5] .
Rofe-Beketov [3, 4] studied the perturbed Hill's operator 5, which is the maximal operator generated on IR by the differential expression
dy(x) = -y"(x) + {q(x) + ^q(x)}y(x),
where A^: IR -* M is such that |A^(x)| (1 + 1*1) is integrable on U. This is a self-adjoint operator with the same essential spectrum o e (S) as 5. He proved that there is only a finite number of eigenvalues of S in each gap an at most two eigenvalues in each sufficiently remote gap; moreover, there is exactly one eigenvalue in each sufficiently remote gap if the following additional condition is satisfied: J Aq(x) dx^=0.
The purpose of this paper is to prove analogous results for Dirac systems. Let r be the differential expression where (. ,.) denotes the usual scalar product in C 2 and -°°^c < d^+°° (we do not distinguish between two functions which are equal almost everywhere). The maximal operator T generated by r and defined in L 2 (U, R) is self-adjoint, its spectrum o(T) is purely continuous, unbounded from above and below, and it is a locally finite union of closed intervals of positive length [7, theorem 12.5] . In the following, we shall suppose that o(T) has at least one gap; for example, if
TU(X) = ^(^)" 1 {(_J 1)W(X) + P(X)U(X)
there is an infinity of gaps [7, chap. 17 .G].
We shall examine the perturbed operator T, which is the maximal operator generated on IR by the differential expression 2 (x) be the largest eigenvalues of respectively R(x), P(x), AP{x), and let r x (x), p x (x), dp x (x) be the corresponding lowest eigenvalues. We shall show that if for N e i^J, 
A dp x (x) = 6p 2 (x) almost everywhere on U, 5p 2 is not equal almost everywhere to the null function, 6p 2 (*) = 0 almost everywhere or 6p 2 Let T be the differential expression where u is a C 2 -valued function defined on IR; P and R are symmetric 2 x 2 matrices, with locally absolutely integrable real entries; R is positive definite almost everywhere; q is a locally absolutely continuous real valued function and for all values of x e IR: q(x) > 0. If u is a non-trivial real solution of TM = AM, we introduce the transformation where p and 0 are continuous and 9 is defined up to 2kn. If 0 is completely defined (for instance, if we know its value at a given x 0 ), we shall call it a determination of the angular part of u.
It is easy to check that^s in0(*)/' Vsin0(x) with (ii) is such that 0(A, a, c, c) = a. PROPOSITION 
If the maximal operator T generated by r on U is self-adjoint and -oo
< JU < A < +°o, then^n , c n , d n ) - * Urn inf 71
where (a n )cU, c n ->-<*>, d n ->+°°, E T (.) is the right continuous spectral resolution of T and [
Proof. Let <5 > 0 be such that fi + d and A -6 are not eigenvalues of T and H + d < A -8, let fi n be defined by /3 n = 0(;U + 8, a n , c n , d n ) and let us define the self-adjoint operators B n , O n and T n as follows:
The sequence (7^,) converges to T in the sense of the strong resolvent convergence and therefore
(see [6, theorems 9.16 .(i) and 9.19]). We have
. / / T is any self-adjoint operator generated by r on U and
Proof. Let us choose c, d, a in IR, and let us suppose that c <d and
We introduce the operator 
where o(x) = 6{x) -6{x). This differential equation verifies the local existence and uniqueness theorem. Since o = kn and a = (k + \)n are solutions and
Dirac systems with periodic and real coefficients
We suppose that q = \ and that P and R have the period a > 0; r becomes but these functions can be null (i = 1, 2). Note that they are analytic in A on {A e R | |D(A)| > 2} for every x e U. The reader is referred to [2] and [7] for more information.
The maximal operator defined on U by x is self-adjoint and its spectrum is equal to {A e U | \D(X)\ ^ 2}. Let ]ju, v[ be a gap of its spectrum and let e^ and e v be two non-trivial, real and periodic solutions of, respectively, xu = \iu and xu = vu. We shall denote any two determinations of the corresponding angular parts by 6, and d v . Let c < d be in U such that d -c is in a Z.
The main results
Let T and f be as in the Introduction and let ]/x, v[ be a gap of o e (T) (we suppose that there is at least one gap). 
6{-na) = d^-na).
We have and thus^ (W + |v|)(r 2 (x) -/-,(*)) + 2(p 2 (*) -P l ( * ) ) + (6p 2 
(x) -6 Pl (x)).

Let us suppose that n is such that [A, B] c ] -«a, na[ and let A: be in Z such that %{B) -O^B) e [kn, (k + 1)JI[. We have \{d(B)-d(B)}-{%(B)-d IJ (B)}\ f \{d'(x) -6'(x)} -{6'^x) -
6(na) -d^na) = {d(na) -6(na)} -{^(na) -d^na)
of use, available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S0308210500020680
Letting n tend to +°°, the result now follows from Proposition 1.1 and the fact that the eigenvalues are of multiplicty one where 6 and 6 are any two determinations of the angular parts of e 2 and E 2 respectively, such that 6(A) = 6{A), and A € {ft, v}. Since 6p t = dp 2 
